We show that off-site processes and multi-orbital physics have a crucial impact on the phase diagram of quantum gas mixtures in optical lattices. In particular, we discuss Bose-Fermi mixtures where the intra-and interspecies interactions induce competing density-induced hopping processes, the so-called bond-charge interactions. Furthermore, higher bands strongly influence tunneling and on-site interactions. We apply a multiorbital interaction-induced dressing of the lowest band which leads to renormalized hopping processes. These corrections give rise to an extended Hubbard model with intrinsically occupation-dependent parameters. The resulting decrease of the tunneling competes with a decrease of the total on-site interaction energy both affecting the critical lattice depth of the superfluid to Mott insulator transition. In contrast to the standard Bose-FermiHubbard model, we predict a large shift of the transition to shallower lattice depths with increasing Bose-Fermi attraction. The applied theoretical model allows an accurate prediction of the modified tunneling amplitudes and the critical lattice depth both recently observed experimentally.
Quantum gas mixtures in optical lattices are well suited to study in detail interaction-induced effects in condensed matter. They allow for the investigation of systems with spin degree of freedom and with different species of particles that can even obey different quantum statistics. In particular, the experimental realization of atomic mixtures of bosonic and fermionic particles (e.g., 87 Rb-40 K) in optical lattices [1] [2] [3] [4] triggered a vivid discussion on the role of inter-and intraspecies interactions. These experiments allow for the observation of the bosonic superfluid to Mott-insulator transition in the presence of fermionic atoms. The prominent feature observed in all experiments is the decay of visibility and condensate fraction of the bosonic subsystem induced by the interaction with the fermionic atoms. Two possible explanations for this drop in bosonic coherence were proposed. First, the process of adiabatic heating while ramping the lattice has been suggested [5, 6] . It is caused by different contributions of the atomic species to the total entropy and is therefore specific to the loading procedure of experiments with ultracold gases. Second, an interaction-induced dressing of tunneling and interaction processes has been found that causes a shift of the superfluid to Mott-insulator phase transition [3, [7] [8] [9] . The latter effect corresponds to a necessary extension of the Hubbard model at zero temperature and is therefore fundamental for various lattice systems. The important role of interactioninduced processes in optical lattices is caused by the specific shape of the Wannier functions and the possibility of high filling factors.
The standard Bose-Fermi-Hubbard model [10] is restricted to the lowest single-particle band and on-site interactions. Interestingly, it fails to describe interaction effects in bosonfermion mixtures. Assuming a fermionic band-insulator, which is present in the experimental realizations [1] [2] [3] [4] , the boson-fermion interaction gives rise only to an irrelevant shift of the global chemical potential. Even for realistic assumptions for the confining potential, the interspecies interaction has little influence [11] . Due to an effective screening even a small shift in the opposite direction is predicted. In contrast to the experimental results, the superfluid phase is therefore more stable within this framework, which poses the question of the applicability of the standard Hubbard model in this case. It was pointed out that the Bose-Fermi-Hubbard parameters, i.e., tunneling and on-site interactions can be strongly influenced by the inclusion of higher orbitals and non-local interactions [7] [8] [9] . Off-site interactions include the so-called bond-charge interactions that have a direct density-dependent influence on the total tunneling [9, [12] [13] [14] [15] [16] [17] [18] . For purely bosonic systems and without taking off-site interactions into account, the inclusion of higher bands has been discussed in, e.g., Ref. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Both extensions can be included in extended Hubbard models [9, 17, 18] and can be illustrated as effective modifications of the tunneling potentials for both atomic species [17] .
Here, we present quantitative results for the phase diagram of Bose-Fermi mixtures using an extended Hubbard model with multi-orbitally dressed processes [17, 18] . It includes density-induced tunneling, so-called bond-charge interactions [9, [12] [13] [14] [15] [16] [17] [18] , as well as a multi-orbitally renormalized tunneling and interaction processes [9, 17, 18, 27] . The physical effects discussed here are in general present for all interacting quantum gas mixtures. The exact results, however, depend on the quantum statistics of the particles and the specific parameters such as the detuning from the light potential and the atomic masses.
As a central result, we present the phase diagram of the superfluid to Mott-insulator transition in a Bose-Fermi mixture in section I. Furthermore, we discuss the crucial effect of off-site interactions and the corresponding shortcomings of the standard Bose-Fermi Hubbard model in section II. Subsequently, we present the procedure to incorporate higher-band processes in section III. Afterwards, the corresponding extended Hubbard models and the implications for the bosonic phase transition are discussed in detail in section IV.
I. PHASE DIAGRAMS
We will now first discuss the resulting phase diagrams of the bosonic superfluid to Mott-insulator transition in the presence of a fermionic band-insulator, where the individual cor- rections to the standard Hubbard model are discussed in detail below. For concreteness, we choose a mixture of bosonic 87 Rb and fermionic 40 K in an optical lattice with a spacing of a = 377 nm. For the respective wavelength, the Wannier functions of both species are almost identical. The interaction between the bosonic atoms is fixed to a repulsive scattering length of a BB = 102 a 0 [27] , while the attractive interaction between the two species is tunable over a wide range using a Feshbach resonance [3] . The fermionic nature of the spinpolarized potassium atoms simplifies the system, as we can assume a band-insulating phase and thus a fixed atom-number of one fermion per lattice site. Note that it is possible to directly apply the presented methods and extensions to a variety of atomic quantum gas mixtures in lattices. In particular, both atomic species can be bosonic or fermionic and the generalization to multi-component systems with more than two species is straight forward.
For a fermionic band insulator, the fermionic degrees of freedom are frozen out and the physics can be described by an effective bosonic model that takes into account all effects induced by the interaction with the fermions. In the framework of this paper, we will discuss in detail the derivation of an effective Hamiltonian which reads
We will see that despite its simplicity it already includes higher-band and bond-charge off-site processes. The latter gives rise to an occupation-dependent tunneling J tot nj ,ni = J B + (n i + n j − 1)X BB + 2X BF even within the lowest single-particle band. Here, J B is the conventional tunneling; X BB and X BF are the bond-charge tunneling elements arising from Bose-Bose and Bose-Fermi interactions, respectively (section II). The interaction induced occupation of higher orbitals leads to a further occupation dependency of all parameters, i.e.,J B ,X BB ,X BF andẼ n .
The tilde above the parameters and operators in (1) indicates the multi-orbital dressing as discussed in section III. The effective single-band Hamiltonian (1) uses the ground state of the interacting system, called the dressed band, instead of the lowest single-particle band [17, 18] . The dressed operatorsb i andb † i annihilate and create bosonic particles on site i in this dressed band andn i =b † ib i counts the number of bosons on site i. It is important to note that after the transformation to the dressed band, the phase diagrams can be calculated using standard single-band methods. The renormalized on-site energyẼ n is composed of the single particle energies of bosons B,n and fermions˜ F,n as well as the interaction energies for the repulsion between the bosons 1 2 n(n − 1)Ũ n and the attraction between the species nŨ BF,n . The chemical potential µ fixes the total number of bosonic atoms.
After calculating the dressed parameters, we apply Gutzwiller mean-field theory to compute the critical lattice depth of the transition from the superfluid to the Mottinsulator. The phase diagrams of the extended model (1) are shown in Fig. 1a . The effective chemical potential µ −Ẽ 1 is given in units of the Hubbard on-site interaction U , wherẽ E 1 is the renormalized on-site energy of one boson and one fermion. For vanishing interaction between the bosons and fermions a BF = 0 and a repulsive interaction a BB = 102 a 0 among the bosons, the Mott-lobes are contracted compared with the standard Hubbard model. This is a result of a decrease of the on-site energy and an increase of the total tunneling caused by off-site interactions [17] . For increasing attraction between bosons and fermions the effect is reversed [9] and the Mott-lobes are extended exhibiting a critical transition point at much lower lattice depths. This effect can be attributed to a strong reduction of the total tunneling amplitude induced by off-site interactions.
In Fig. 1b the critical lattice depths for the superfluid to Mott insulator transition for one, two and three bosons per lattice site are shown as a function of the interspecies inter-action strength. The solid lines depict the results obtained using the extended model (1), while the dashed lines correspond to the standard Bose-Fermi Hubbard model, which predicts no dependency on the interspecies interaction a BF (section II). As discussed above, for a BF = 0 the Mott-insulator transition is shifted to deeper lattices, where the shift is increased with the bosonic filling. This is mainly caused by the bosonic bond-charge interactionX BB enhancing the total tunneling. With increasing attractive interaction a BF the transition is strongly shifted to shallower lattice depths. Depending on the filling, the shift of the Mott-insulator transition caused by the fermionic atoms is 3-4 E R for a BF = −300 a 0 .
The predicted shift is considerably larger than calculated with the adiabatic band elimination method in Ref. [9] which also incorporates the bond-charge interactions. The effective potential approach in Refs. [3, 7] does not include the important contributions of fermionic on-site energy and bosonic bond-charge interaction. The extended Bose-Fermi-Hubbard model (1) discussed here contains all relevant energies that can affect the superfluid to Mott-insulator transition at zero temperature. As a result, the Mott-insulator shift in Ref. [3] can be partly explained by interaction-induced effects. This provides a consistent picture, where the experimental observations [1] [2] [3] are a combined effect of the Hubbard extensions and the adiabatic heating processes [5, 6] which depend on the initial temperature of the quantum gas.
II. OFF-SITE INTERACTIONS
We now turn back to the full description of the applied extended Hubbard model which features two corrections to the standard Hubbard model. First, off-site interactions lead to a significant contribution to the total tunneling amplitude by changing the effective tunneling potential. Second, the inclusion of multi-band processes causes a modification of all model parameters.
As mentioned above, mixtures of ultracold spin-polarized bosonic and fermionic atoms in optical lattices are usually described by the standard Bose-Fermi Hubbard model. The underlying tight-binding approximation restricts the model to the lowest single-particle orbital and interactions between particles on the same lattice site. The resulting Hubbard Hamiltonian readŝ
Here,b i (f i ) is the bosonic (fermionic) annihilation operator andn i (m i ) the respective particle number operator. In general, the tunneling matrix elements for bosons (J B ) and fermions (J F ) can have different values. The on-site interaction is fully described by the parameters U BB and U BF for intra-and interspecies interaction, respectively. The total number of bosonic and fermionic atoms are fixed by the chemical potentials µ B and µ F . Under common experimental conditions [1] [2] [3] [4] , the fermions are in a band-insulator phase where Pauli-blocking prohibits tunneling. This freezes out the fermionic degrees of freedom and the resulting Hamiltonian captures the behavior of the bosons under the influence of exactly one fermion per lattice site. Consequently, we can set f † if j → 0,m i → 1 and get
The interaction energy U BF between bosons and fermions can be absorbed into an effective chemical potential µ eff = µ B − U BF and the resulting Hamiltonian does not differ from the standard Bose-Hubbard model. Thus, the behavior of the bosons is not influenced by the homogeneously distributed fermions, which is in contradiction to the experimental observations [1] [2] [3] .
In the derivation of the standard Hubbard model, it is argued that interaction processes between particles on neighboring lattice sites can be neglected due to their small amplitudes compared with on-site interactions. This argument is however only partly correct, since some of these processes, such as bond-charge interactions, involve the hopping of particles. Compared to the conventional tunneling, these processes can be non-negligible and consequently alter the phase diagrams. In particular, the Wannier functions in optical lattices differ strongly from their counterpart in solid state materials leading to comparably large matrix elements for bond-charge processes. In addition, the possibility of larger fillings in bosonic systems can enlarge these interaction effects. Consequently, off-site interaction processes can be strongly enhanced for optical lattice systems.
Consider the interacting part of the full two-particle Hamiltonian for the lowest band and two neighboring lattice sites L and R
with i, j, k, l = L, R and
The basis functions w B/F i (r) are the maximally localized Wannier functions that describe a boson/fermion sitting on site i and the interaction strengths are given by g BB = 4π 2 mB a B and g BF = 2π 2 mr a BF with the mass of the bosonic atoms m B and the reduced mass m r of boson and fermion. The interaction potential V (r, r ) we applied describes the scattering properties using a finite-ranged box potential (see [17] ). In a lowest-band treatment, this is usually replaced by contact interactions, i.e., a δ-pseudopotential. In a multi-orbital framework the latter would lead to mathematical subtleties [25] . The distinct processes arising from the full two-body Hamiltonian (4) for Bose-Bose and the Bose-Fermi interaction are depicted in Fig. 2 . In addition to the on-site interaction, the Bose-Bose interaction leads to the density-density interaction process V BBninj , the correlated tunneling of a particle pair P BBb †2 ib 2 j , and the bond-charge assisted tunneling −X BBb † i (n i +n j )b j . The respective matrix elements are
The amplitudes of these processes are plotted in Fig. 3 as solid lines. While the density-density interaction V BB and the pair tunneling amplitude P BB are several orders of magnitudes smaller than the the standard Hubbard processes, the bond-charge interaction X BB is only one order of magnitude smaller than the conventional tunneling J B . As the bondcharge interaction −X BBb † i (n i +n j )b j scales with the particle number on both involved sites, it can easily reach nonnegligible values and must be accounted for (see also [17] ). In addition, it scales linearly with the interaction strength which can be tuned experimentally. Here, it is essential that the bond-charge interaction contributes to the tunneling of the particles rather than the on-site interaction.
For the Bose-Fermi interaction two more processes exist as the interacting particles are distinguishable (Fig. 2b) . First, the cross-tunneling, which is similar to the density-density interaction except that the particles interchange, and second, the bond-charge interaction, where either a bosonic or a fermionic particle tunnels. However, assuming a fermionic band insulator all processes involving the hopping of a fermion are forbidden. The respective amplitudes of the processes induced by Bose-Fermi interaction are plotted as dashed lines in Fig. 3 .
In conclusion, only on-site interactions and bond-charge tunneling of bosons have to be taken into account (shaded in Fig. 2) , since other processes are prohibited by the fermionic band-insulator or contribute only with extremely small amplitudes. Thus, the necessary extensions of the Hubbard Hamiltonian, i.e. the bond-charge processes in Fig. 2d and i, read
An intuitive physical understanding of the bond-charge tunneling induced by Bose-Bose as well as by Bose-Fermi interaction can be obtained by the analogy to an effective tunneling potential [17] . Assuming contact interactions in the singleband description and using the integral expressions (5), we can rewrite the expression (6) aŝ
where we introduced the reduced densitieŝ
The −1 in the bosonic density corresponds to the exclusion of self-interactions and is directly obtained from the commuta- tion relations. Inside the integral, we can use the locality of the Wannier functions to replace these operators by the density functionsρ
The bond-charge tunneling operator (7) can now easily be unified with the conventional tunneling to find the expression
which corresponds to the conventional tunneling in an effec-
In Fig. 2k and l the tunneling in effective potentials is sketched. Repulsive interactions, as between the bosons, effectively reduce the lattice depth, while attractive interactions have the opposite effect. Depending on the relative scattering lengths, the total tunneling can be strongly enhanced or reduced. This is consistent with the results for the fermionic tunneling obtained in [4] . The modification of the total tunneling in the lowest band already leads to a considerable deformation of the well-known phase diagram of the superfluid to Mott-insulator transition for bosons as discussed later in detail.
III. MULTI-ORBITAL RENORMALIZATION
Whereas in the previous section we introduced off-site interactions as an important extension to the standard Hubbard model, we will now discuss another important feature of the Hamiltonian (1), namely the effective inclusion of higher bands. In the standard Hubbard model approach, only the lowest single-particle band is assumed to be occupied. However, in the strongly correlated system particles are promoted to higher orbitals due to the interaction induced coupling between the bands. By changing their wave functions the particles minimize their on-site interaction energy (see section III.B). In particular, this also affects the tunneling and other off-site processes as outlined now in section III.A.
A. Multi-orbital dressing
For the following calculation of the multi-orbital effects, we assume the orbital occupation to be determined purely by on-site interactions, while off-site processes can be neglected due to the much smaller amplitudes. The problem can thus first be reduced to a single lattice site. The single-site ground state is a superposition of many-particle states Ψ(n) = N,M c N,M |N |M . Here, |N |M = |n 0 , n 1 , ... |m 0 , m 1 , ... is the product state with n α bosons and m α fermions in the Wannier orbital w (α) B/F (r), where α indicates the orbital. The state Ψ(n) consists of the lowest single-particle band dressed with small contributions of higher bands. At zero temperature the particles will exclusively occupy the dressed band Ψ(n) instead of the lowest single-particle band.
In general, any multi-orbital two-site operator acting on sites L and R can be decomposed in operators of the form consists of creation and annihilation operatorsb
for particles on site i in the orbital α k . In the simplest case -the conventional tunneling from the right to the left site -we have only sets with a single orbital {α} = α and {β} = β, the operators on the left and the right siteÔ
R , and tunneling amplitudes A α,β as defined below. Instead of collapsing this operator to the lowest single-particle band, we reduce it to the dressed band [17, 18] given by the manyparticle ground state Ψ(n). The effective operatorÕ in the dressed band takes the form
whereÕ i is obtained fromÔ i {α} by replacing all creation and annihilation operatorsb
by their counterparts of the dressed bandb † i andb i . The operators of the dressed band fulfill the usual relationsb i |Ψ(
The effective amplitudeÃ nL,nR is obtained from the matrix element Ψ F |Ô |Ψ I , where Ψ I (n L , n R ) denotes the initial and Ψ F = Ψ(n L , n R ) the final state of the process. It thereby includes the summation over all multi-orbital processes. Since the states are product states of the individual lattice sites |Ψ(n L ) |Ψ(n R ) , also the effective amplitudeÃ decomposes into individual site contributions
where N = Ψ F |Õ LÕR |Ψ I is needed for the correct normalization. Note that the effective amplitude is intrinsically occupation-dependent.
As an example, for the conventional single-particle tunneling of bosons it follows
is the tunneling amplitude in band α. As another example, the multi-orbital bosonic bond-charge operator The renormalized amplitudes are depicted in Fig. 4 for all relevant contributions to the total tunneling in the case of one boson and one fermion per site (solid lines). The amplitudes for conventional tunnelingJ nL,nR (green line) as well as bond-charge induced tunnelingX BB,nL,nR (red) and X BF,nL,nR (blue) can differ strongly from the lowest band values, which are indicated as dashed lines. The multi-orbital renormalization can enhance the conventional tunneling by up to 30% and the bond-charge induced processes can even be twice as strong as in the lowest single-particle band.
B. On-site problem and on-site interaction
This section is dedicated to the explicit solution of the many-body problem on a single lattice site for a given number of particles. For the multi-orbital dressing procedure (section III.A) we assume the ground state of the interacting system to be a product state of these solutions. We apply the method of exact diagonalization to compute the ground state Ψ(n) of n bosons and one fermion on a single lattice site and thereby obtain the solution of the full lattice problem. In particular, this leads directly to an occupation-number-dependent on-site energy E n . The respective single-site Hamiltonian readŝ
with the bosonic particle number operatorn (α) =b (α) †b(α) and the single-particle energies
F are the fermionic analogues. The multi-band interaction amplitudes are defined as
The interaction potential V (r, r ) is a finite-range box potential with a width of 7.5 nm (see Ref. [17] for details). We expand this Hamiltonian in the basis of many-particle Fockstates |N |M . For n bosons and 1 fermion, the ground state is found by applying an exact diagonalization, the so-called configuration interaction method. We restrict the calculation to the lowest 9 bands per spatial direction and use a high energy cutoff [31] . The on-site energy is directly obtained as the lowest eigenvalue of the matrix and its contributions can be computed as expectation values of the individual operators in (15) using the corresponding eigenvector. The energy contributions are plotted in Fig. 5a for V 0 = 15 E R and n = 3 bosons (solid lines). The values significantly deviate from the lowest-band approximation (dashed lines). The single-particle energies n˜ B +˜ F (green line) are measured relative to the lowest-band values and thus are always positive. The occupation of higher orbitals causes a contraction of the wave functions which leads to an increase of the absolute value of the Bose-Fermi interaction. This results in a large reduction of the total on-site energy (black line) for large scattering lengths a BF . Of course, also the repulsive interaction among the bosonic particles (red line) contributes but is less drastically influenced.
The total on-site energies for various boson numbers are shown in Fig. 5b . The dashed lines correspond to a calculation with a three times larger interaction range. In general, the contributions of higher bands are reduced with an increasing interaction range. The figure shows that the energy is only weakly affected by a the change of the (finite) interaction range. Additionally, we applied scaling theory to estimate the value of convergence for the on-site energy at the most demanding parameters V 0 = 20 E R and a BF = −300 a 0 for an interaction range of 7.5 nm. We see that the error (differences in energies) converges exponentially with both the length of the many-particle basis and the number of orbitals. Scaling our results according to the exponential behavior, we are able to determine the converged energy value, where we first perform the scaling in respect to the basis length for a given number of orbitals. The results indicated as crosses in Fig. 5b show only small deviations and justify the constraints for the basis length and the number of orbitals applied for the solid lines.
The total on-site energy becomes intrinsically occupationdependent (beyond the dependency in the standard BoseFermi Hubbard model (2)) and can be written in terms of effective n-particle collisions [18, 26, 27] 
The first termẼ 1 describes the interaction energy by twoparticle collisions between bosons and fermions. The second term is the interaction energy caused by processes that involve two bosonsĒ 2 =Ẽ 2 − 2Ẽ 1 and the third term E 3 =Ẽ 3 − 3Ē 2 − 3Ẽ 1 involves three bosons. Although, the restriction to the first three terms is enough to describe well the energies for up to n = 5 bosons, we use here the exact values forẼ n .
IV. SUPERFLUID TO MOTT-INSULATOR TRANSITION
After discussing off-site interactions and multi-orbital renormalizations, we now turn back to the full many-body quantum gas problem. Obviously, from the above results, it is necessary to take both bond-charge interactions and higher bands into account. First, we now define an extended model of the lowest band that includes off-site interactions and discuss its implications. Afterwards, we replace the lowest singleparticle band and parameters with the respective dressed analogues and thereby include higher bands in a very efficient way.
The extended Hubbard model of the lowest band readŝ
While the repulsive interaction between the bosons increases the total tunneling, the attractive fermions reduce the bosonic mobility. As one central result and in strong contrast to the predictions of the standard Hubbard model (see section II) the superfluid to Mott-insulator transition is shifted. The phase diagrams are shown in Fig. 6 for different attractive Bose-Fermi interaction strengths. For strong Bose-Fermi attraction and low bosonic filling, the transition occurs at much shallower lattices, due to the effectively deepened tunneling-potential. The effect is reversed when the repulsion between the bosons becomes stronger than the attraction to the fermions, which is the case for weaker Bose-Fermi interaction and higher bosonic filling. In Fig. 1b transition is plotted as a function of the interspecies interaction strength a BF . The dotted lines correspond to the extended Hamiltonian restricted to the lowest band. When including higher bands we must replace the lowestband operators with those of the dressed bandb i andb † i . Also, the parameters J, X and U must be renormalized as discussed in section III. All tunneling contributions, i.e., conventional tunneling, both bond-charge interactions as well as their multi-orbital renormalizations can be combined to one total tunneling parameter J tot ni,nj =J ni,nj +X BB,ni,nj (n i +n j −1)+2X BF,ni,nj , (19) which is explicitly occupation-number dependent. The renormalized on-site energỹ
is composed of the renormalized single particle energies of bosons˜ B,n and fermions˜ F,n as well as the interaction ener- gies for the repulsion between the bosons 1 2 n(n − 1)Ũ n and the attraction between the species nŨ BF,n . This allows to define the extended Hamiltonian of the dressed band in equation (1), namely,
The dressed-band Hamiltonian now takes into account all higher-band processes and all relevant nearest-neighbor interactions. The multi-orbital corrections of the Bose-Fermi interaction have a strong impact on the chemical potential at which the transition to a certain Mott-lobe occurs. This distorts and shifts the phase diagram along the axis of the chemical potential. Since this effect is not of any physical interest, we plot Fig. 1a in terms of an effective chemical potential µ eff = µ −Ẽ 1 . Concerning the transition point of the bosonic superfluid to Mott-insulator transition, the reduction of the total on-site energy by multi-orbital processes counters the effect of reduced total tunneling. Nonetheless, the total effect on the transition can be a shift of several recoil energies E R depending on interaction strengths and filling factors (Fig. 1b) . Note that the lowest-band modelĤ ext underestimates the impact on the superfluid to Mott-insulator transition by only up to 1E R , which is surprising keeping the strong changes of the individual amplitudes in mind. However, this (coincidental) compensation of the contributing amplitudes depends on the choice of system parameters. Furthermore, it has been demonstrated that the on-site interaction [27, 30] and the effective tunneling matrix element [4] are experimentally well accessible and can be measured independently.
V. DENSITY-DENSITY INTERACTIONS AND PAIR-TUNNELING
In the above model, several off-site processes have been neglected due to their small amplitude in the lowest band. In this context the question arises, whether the multi-orbital dressing can enhance them to non-negligible values. The correlated pair tunneling and the density-density interactions both have very small amplitudes because in the integrand the small tail of the Wannier function enters quadratically on both lattice sites. By contrast, in the bond-charge integral the tail is multiplied three times with the center of a Wannier function. However, when taking into account strongly delocalized wave functions of higher bands, this argument no longer applies and all processes need to be reconsidered, since the overlap integrals become comparable for all types of off-site interactions. These contributions are strongly suppressed in the case of density-density interactions, because the initial and final state both depend on higher-band contributions with small coefficients c N 1 to produce a large integral, whereas in the case of pair tunneling one of them can be the ground state (c N ≈ 1). Although, the multi-orbitally renormalized pair tunneling is usually smaller than the conventional tunneling it can, in general, reach the same order of magnitude. Due to this structure it has very bad convergence properties in respect to the total number of contributing bands. As a fourth order contribution in perturbation theory it can, however, be neglected even for rather large amplitudes. Density-density interactions are not as strongly influenced and remain small. This justifies, the restriction to the extensions incorporated in Hamiltonian (1), which includes all relevant off-site interactions.
VI. CONCLUSIONS
We have discussed the important role of interaction effects in atomic quantum gas mixtures in optical lattices. Off-site interactions as well as higher band processes turn out to have a strong impact on these systems, which we are able to calculate using an extended occupation-dependent Hubbard model. In particular, we have focused on Bose-Fermi mixtures in this paper, where the standard Bose-Fermi-Hubbard model fails to cover all relevant processes. This manifests itself in a strong shift of the superfluid to Mott-insulator transition in the bosonic subsystem, which is not predicted by the standard Hubbard model. The critical lattice depth is shifted towards shallower lattices with increasing Bose-Fermi attraction. Similar corrections are present for all experiments with optical lattices and can be expected to be relevant, e.g., for Bose-Bose mixtures, low-dimensional systems or other lattice geometries. Omitting the condition of having a fermionic band insulator, which we have applied here, the presented extensions of the Bose-Fermi Hubbard model can lead to very rich physics such as the formation of polarons.
We have shown that for optical lattice systems the bondcharge tunneling [9, [12] [13] [14] [15] [16] [17] [18] is the most important contribution of the nearest-neighbor off-site interaction as it can drastically influence the tunneling. Repulsive interactions enhance the total tunneling, whereas the attractive interactions reduce it. In an intuitive picture, this can be described as lowered and increased effective potentials, respectively. Furthermore, higher band processes not only reduce the total on-site energy but also have an impact on the conventional tunnel-ing and the bond-charge interactions. We have treated the problem by dressing [17, 18 ] the lowest single-particle band with interaction-induced occupations of higher-orbital states. This leads to a renormalization of interactions and tunneling parameters that become intrinsically occupation-dependent. These parameters have been used in order to define an extended Bose-Fermi-Hubbard model capable of describing effects of higher orbitals and off-site interactions in Bose-Fermi mixtures.
The results show in general that interactions in multicomponent systems can have a crucial impact beyond the standard Hubbard treatment. In the presented case, the standard Hubbard model is incapable of describing the interspecies interaction between bosonic and fermionic atoms correctly. While here mainly the effects on the bosonic atoms have been discussed, the mutual interaction affects the fermionic atoms similarly, which has recently been observed in experiment [4] .
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